
Global Mie Scattering

Weijin Chen,1, ∗ Qingdong Yang,1, ∗ Yuntian Chen,1, † and Wei Liu2, ‡

1School of Optical and Electronic Information, Huazhong University of Science and Technology, Wuhan, Hubei 430074, P. R. China
2College for Advanced Interdisciplinary Studies, National University of Defense Technology, Changsha, Hunan 410073, P. R. China

In various subdisciplines of optics and photonics, Mie theory has been serving as a fundamental
language and play indispensable roles widely. Conventional studies related to Mie scattering largely
focus on local properties such as differential cross sections and angular polarization distributions.
Though spatially integrated features of total cross sections in terms of both scattering and absorption
are routine for investigations, they are intrinsically dependent on the specific morphologies of both
the scattering bodies and the incident waves, consequently manifesting no sign of global invariance.
Here we propose global Mie scattering theory to explore topological invariants for characterizations
of scatterings by any obstacles of arbitrarily structured or polarized coherent light. It is revealed that,
independent of distributions and interactions among the scattering bodies of arbitrary geometric and
optical parameters, in the far field inevitably there are directions where the scatterings are either zero
or circularly polarized. Furthermore, for each such singular direction we can assign a half-integer
index and the index sum of all those directions are bounded to be a global topological invariant of 2.
The global Mie theory we propose, which is mathematically simple but conceptually penetrating, can
render new perspectives for light scattering and topological photonics in both linear and nonlinear
regimes, and would potentially shed new light on the scattering of acoustic and matter waves of
various forms.

I. INTRODUCTION

The seminal problem of light scattering by parti-
cles and the associated Mie theory has been pervasive
in every subject of photonics, laying the foundation
for not only researches and applications in optics and
physics [1–3], but also for those in many other interdis-
ciplinary fields including even biology and medicine [4,
5]. Conventional studies based on Mie theory concen-
trate on properties that can be roughly divided into two
categories: overall integrated ones such as total absorp-
tion, scattering and extinction cross sections; local ones
such as differential scattering cross sections and angu-
lar polarization distributions. Mie theory and those
scattering properties broadly underlie various topics of
nanophotonics, especially the new concepts and phe-
nomena of cloaking and invisibility [6], superscatter-
ing [7, 8], Kerker scattering and its generalized forms [9,
10], giving birth to and further expanding the field of
Mie-Tronics that largely originate from interferences of
radiating multipoles of different orders and natures [11–
13].

Besides the rapid progress relying on Mie theory
in various directions, photonics at the same time
has gained great momentum through incorporating
novel topological concepts [14, 15]. New topology-
related ideas from condensed matter physics and other
branches of physics have rendered extra degree of
freedom for manipulations of light matter interac-
tions, through comprehensive exploitations of topolog-
ical properties that are globally bounded [14, 15]. For
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the classical scenario of light scattering by arbitrary ob-
stacles, at the first glance, the identification of glob-
ally invariant properties seems to be out of reach. This
is simply due to the fact that both the aforementioned
overall and the local scattering properties are intrinsi-
cally dependent on geometric and optical parameters of
the specific scattering bodies, their distribution patterns
and the cross interactions [1, 2]. Moreover, those scatter-
ing features are also dependent on the morphologies of
the incident waves, especially their spatial and polariza-
tion contextures [3]. Apart from those seemingly insur-
mountable difficulties, recently both local and globally
invariant topological features have been revealed for ra-
diating electromagnetic multipoles of arbitrary orders,
revealing a hidden dimension of Bloch modes in peri-
odic structures and their topological charges [16, 17].
As essential entities in Mie theory, it is well known that
electromagnetic multipoles serve as a orthogonal and
complete basis for radiation expansion of any sources.
As a result, it is natural to expect that the same topolog-
ical idea can be extended to Mie scattering configura-
tions with arbitrary finite obstacles and any coherently
polarized incident waves.

In this work we propose Global Mie Scattering theory
to explore topological properties that are globally in-
variant for arbitrary Mie scattering configurations. Re-
gardless of the specific morphologies of both the inci-
dent waves and the obstacles, the scatterings can always
be mapped on the momentum sphere as tangent (trans-
verse) fields perpendicular to the scattering directions.
For such continuous tangent fields on a two dimensional
spherical surface, the fundamental Poincaré-Hopf theo-
rem can be directly applied [18, 19]. As for our phys-
ical problem of Mie scattering of any specific configu-
rations, this mathematical theorem secures the follow-
ing two facts: (i) Across the momentum sphere, despite
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some obviously trivial cases such as invisibility of zero
total scattering, there must be isolated directions along
which the scattering is either zero or circularly polar-
ized; (ii) For each of such singular directions, a half-
integer index can be assigned and the index sum of all
those directions are bounded to be 2, which is the Eu-
ler characteristic of the momentum sphere. Our math-
ematically simple while conceptually deep Global Mie
theory has effectively blended two sweeping concepts of
Mie scattering and global topology of Euler character-
istics and singularities [18, 19]. Considering the foun-
dational roles of Mie theory and the recent rapid perva-
sion of topological concepts throughout photonics, we
believe that the proposed global theory can further ac-
celerate the interplay of photonics and topology. This
can hopefully make possible more flexible controls of
light-matter interactions in both linear and nonlinear
regimes, with broad implications for molecular scatter-
ing and optical activity studies, and even for waves of
other forms.

II. LINEARLY POLARIZED SCATTERING BY
INDIVIDUAL PARTICLES

For the general case of light scattering by arbitrary fi-
nite obstacles, regardless of the shapes and optical prop-
erties of each individual scattering body, and how differ-
ent scattering bodies are clustered, the scattered fields
are continuously distributed among different directions
on a momentum sphere parameterized by θ and φ [see
Fig. 1(a) for the momentum sphere in a spherical coor-
dinate system]. Moreover, since in the far field the scat-
tering is purely transverse with both electric and mag-
netic fields perpendicular to the scattering directions
(denoted by êr ), the fields can be viewed as continuous
tangent fields on the êθ-êφ plane.

A simple scenario to start with is that all the scat-
tered fields are linearly polarized throughout the men-
tum sphere, on which the tangent electric and magnetic
fields can be fully represented by vector fields. As for
such continuous vector field on the momentum sphere,
the Poincaré-Hopf theorem [18, 19] requires that there
must be isolated directions where there is no scatter-
ing (the vector field and also the total intensity are
strictly zero). Those directions correspond to singular-
ities of vector fields (vectorial singularities denoted by
V points in this work), and for each singularity an inte-
ger Poincaré index (or equivalently winding numbers of
the vector fields that trace out the closed contour [19])
can be assigned. All across the momentum sphere, the
sum of Poincaré indices for all singularities are bounded
to be 2, which is the corresponding Euler characteris-
tic [18, 19]. In Fig. 1(b) we show two sets of well known
vector fields consisting of latitude (θ is constant) and
longitude (φ is constant) vectors. For both sets, there
are two singularities locating on the poles (θ = 0 or π),
each of Poincaré index +1 with their sum being 2, as
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FIG. 1. (a) The momentum sphere parameterized by both
Cartesian and polar coordinates, with the associated orthonor-
mal basis vectors êθ , êφ and êr specified. Other parameters
have their usual meaning. On the momentum sphere, contin-
uous tangent vectors exist with two singularities of Poincaré
index +1 (located on poles) in (b), and one singularity of
Poincaré index +2 in (c). (d), (g) and (j): Scattering efficiency
spectra (both total and dipolar partial ones are included) for
homogeneous or core-shell spherical particles (see insets) with
the resonant positions pinpointed by dots. The scattering
patterns at those positions are shown correspondingly in (e),
(h) and (k). Vectorial field patterns close to singularities are
shown in (f), (i) and (l), the Poincaré indices of which are also
specified.

required by the Poincaré-Hopf theorem. We have also
shown in Fig. 1(c) another set of less well known but
equally important vector fields with only one singular-
ity of Poincaré index +2, which is termed as a dipole
singularity (the vectorial patterns close to the singular-
ity are the same as those of a static electric dipole) [19].

The simplest scenario of everywhere linearly polar-
ized scattering is that by an obstacle which can be
viewed as a linearly oscillating electric dipole (ED).
Rayleigh scattering with linearly polarized incident
plane waves falls into this category [1]. In Fig. 1(d), al-
ternatively, we show another example of a plane wave
scattering by an Ag sphere (radius R = 60 nm; permit-
tivity adopted from Ref. [20]) that supports surface plas-
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mon resonances [21]. The plane wave is x-polarized and
propagating along z, and the scattering spectra (scatter-
ing efficiency Qsca, that is scattering cross section di-
vided by the cross section of the sphere) in terms of
both total and partial ED scatterings are summarized in
Fig. 1(d). The geometric and optical properties of the
scattering bodies can be found in the figure, as is the
case for other scattering configurations throughout this
work. As is shown, at the marked resonant position (the
wavelength λ = 415 nm), there is ED scattering which
is linearly polarized throughout the momentum sphere.
The far-field scattering pattern (in terms of angular scat-
tering intensity, as is the case throughout this work) at
this spectral position is shown in Fig. 1(e), with their
singularities locating at the poles, which coincide with
the dipole oscillating direction. A simple analysis based
on the formulas of dipolar scattered fields reveals that
scattered magnetic and electric fields of the ED on the
momentum sphere are exactly represented by those lat-
itude and longitude vectors shown in Fig. 1(b), respec-
tively [22]. The electric field patterns at the neighbour-
hood of the singularities are shown in Fig. 1(f). Here
only the sink singularity of Poincaré index +1 at one
pole is shown and the corresponding source singularity
at the opposite pole can be directly obtained through
flipping the orientations of all vectors, with the same
index +1 [19].

The duality of Maxwell Equations guarantees that the
scattering pattern of an ED and magnetic dipole (MD)
would be identical, with the interchange of electric and
magnetic terms (including both the dipolar moments
and vector fields) [22]. Figure 1(g) shows the scatter-
ing spectra of an Au-Si core-shell particle, where for
the gold core R1 = 60 nm and permittivity taken from
Ref. [20], and for the silicon shell R2 = 175 nm and
permittivity taken from Ref. [23]. At the resonant po-
sition (λ = 1245 nm) a pure MD can be exclusively ob-
tained [24, 25]. Apart from a π/2 rotation about z axis
(since the MD moment is along y axis parallel to the in-
cident magnetic field, while the ED moment is along x
axis parallel to the incident electric field), the scatter-
ing pattern [shown in Fig. 1(h)] is the same as that of an
ED and electric field patterns close to the singularities
(centre singularities located at φ=0 and π with Poincaré
index +1) are shown in Fig. 1(i). According to the dual-
ity principle, the patterns of tangent electric and mag-
netic fields of the MD are exactly the same as those of
tangent magnetic and electric fields of the ED, respec-
tively. They are respectively latitude and longitude vec-
tors shown in Fig. 1(b), meaning that the magnetic field
singularities of MD are source or sink singularities.

Another elementary case of linearly polarized scatter-
ing is the one that can be represented by vector fields
shown in Fig. 1(c), with only one dipole singularity of
Poincaré index +2. This type of field patterns are in-
accessible to obstacles that support a single multipolar
moment, the scattering of which is symmetric with at
least two singularities. The simplest configuration to

achieve this is based on an in-phase overlapping of an
ED and a MD of the same magnitude [10, 16, 26], and
this ED-MD pair is also termed as a dynamic Kerker
dipole [9, 10, 16]. Figure 1(j) shows the scattering spec-
tra of a core-shell particle [the core is Ag of radius
R1 = 90 nm and the shell is dielectric (refractive index
2.1) of radius R2 = 343 nm], which confirm that at the
marked resonant position (λ = 1472 nm) the ED and
MD overlap and the particle can be treated as a Kerker
dipole. The scattering pattern at the overlapping reso-
nant position [see Fig. 1(k)] exhibits a dipole singularity
at the minus z backward direction, with the vector field
pattern close to it shown in Fig. 1(l) which is identical to
that shown in Fig. 1(c).

III. ARBITRARILY POLARIZED SCATTERING BY
INDIVIDUAL PARTICLES

Up to now, we have discussed only the simple sce-
nario when the scattering is fully linearly polarized all
across the momentum sphere. Nevertheless, it is well
known that light is generally elliptically polarized, and
the linear and circular polarizations are merely special
cases [22]. For general scattering of elliptic polariza-
tions, at any fixed temporal moment we can treat the
scattered fields as vector fields [as presented already
in Fig. 1], and then the conclusions drawn above for
vectorial singularities of integer Poincaré indices can
be directly applied. However, the vectors are rotating
temporally for elliptic polarizations, meaning that the
vector field patterns are constantly changing. To ef-
fectively characterize the evolving patterns and to fur-
ther establish connections to experimentally measur-
able quantities that are time-averaged, static line fields
should be introduced [17, 27–29]. Intuitively, line fields
are non-oriented vector fields, that is, lines without ar-
rows [27–29]. Transversing a closed contour within vec-
tor fields would bring a vector back to itself with a
fixed orientation, requiring that the overall rotation an-
gle along the loop being an integer number of 2π and
thus leading to integer Poincaré indices; While for line
fields, since there is no orientation for each consisting
line, a half-integer number of 2π rotation is sufficient
to bring the line field back to itself, resulting in half-
integer Hopf indices [27]. The intrinsic singularities
of vector fields are those of Poincaré indices ±1, and
other higher-index ones can be viewed as a singularity
composite when multiple intrinsic singularities overlap
with one another. The same principle is also applica-
ble to line fields, but here the intrinsic singularities are
those of Hopf indices ±1/2. From this perspective, for
both line and vector fields, the higher-index singular-
ities are accidental, which can be simply decomposed
into several intrinsic singularities through further per-
turbations [18, 19, 27].

For electromagnetic waves, the widely constructed
line fields for general elliptical polarizations consist of
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long axes of the polarization ellipses, which are also
termed as polarization fields [28, 29]. For linear polar-
izations, line fields can be directly constructed through
removing the arrows of the vectors. Then the vec-
torial singularities become line singularities automati-
cally, with the Poincaré and Hopf indices equal to each
other. For example, the vector fields (vectorial singu-
larities) shown in Figs. 1(b) and (c) would become line
fields (line singularities) with the arrows removed, with
the positions and indices of the singularities unchanged.
For linearly polarized scattering, the vectorial singu-
larities correspond to directions where the scattering
is zero with integer Poincaré indices; while for ellipti-
cally polarized scattering, line singularities with half-
integer Hopf indices correspond to directions of either
zero scattering or circularly polarized scattering (de-
noted as C points). For both types of singularities, the
long axis is not well defined [28, 29]. Apart from those
differences, the Poincaré-Hopf theorem is applicable to
both vector fields and line fields [18, 19, 27]. Consid-
ering that the application of the theorem requires only
the continuity of the scattered fields that has nothing to
do with how the scatterings are induced, and that there
are two types of line singularities, it is easy to conclude
the following for arbitrary scattering bodies in a homo-
geneous background: (i) There must be isolated singular-
ities (singular directions on the momentum sphere) where
the scattering is either zero or circularly polarized; (ii) The
Hopf index sum of all those singularities has to be 2. From
the perspective of line fields, even intrinsic vectorial sin-
gularities of Poincaré index ±1 are not fundamental any-
more, as they can be further separated, through adding
perturbations of extra multipolar terms, into a pair of C
points with opposite handedness and the same Hopf in-
dex of 1/2 or −1/2 [22, 28, 29]. In contrast, intrinsic line
singularities of index ±1/2 are fundamental and can not
possibly be further decomposed.

To further exemplify the aforementioned basic con-
cepts and global topological invariance of line fields
constructed from general elliptically polarized scatter-
ing, we show in Fig. 2(a) the scattering spectra of a
silicon sphere of radius 150 nm. Besides the contri-
butions from the ED and MD, that from the magnetic
quadrupole (MQ) is also included. At each pinpointed
position, besides the scattering patterns, we show also
the distributions of Stokes parameter S3 on the momen-
tum sphere to identify the positions of C-point singu-
larities (S3 = ±1 corresponds respectively to left-handed
and right-handed circular polarizations; S3 = 0 corre-
sponds to linear polarizations, as is the case throughout
the momentum sphere in Fig. 1) in Figs. 2(c)-(f).

For the primitive Mie scattering with linearly polar-
ized plane waves and spherical particles, linearly polar-
ized scattering all across the momentum sphere can be
obtained when Mie scattering coefficients (am and bm,
wherem is a positive integer) fulfill one of the following
requirements [1]: (i) Only one coefficient is nonzero; (ii)
The ratios between any two nonzero scattering coeffi-
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FIG. 2. Scattering efficiency spectra (both total and partial
ones contributed by the ED, MD, and MQ are shown) for a sil-
icon sphere of radius 150 nm. Three resonant (λ = 1107 nm,
859 nm, 795 nm) and one non-resonant (λ = 1024 nm) spec-
tral positions are pinpointed. The scattering intensity patterns
and Stokes parameter (S3) distributions at those positions are
shown correspondingly in (c)-(f), where C points are marked
by crosses of Hopf index +1/2 or stars of Hopf index −1/2.
Three typical line field patterns close to intrinsic singularities
are shown in (b): Lemon and Monstar singularities of Hopf
index +1/2 and Star singularity of Hopf index −1/2.

cients are real. For the well known two cases of ED and
MD scattering discussed already, the first requirement
is satisfied with a1 , 0 and b1 , 0, respectively; while
for the scenario of Kerker dipole mentioned above, the
second condition is met with a1/b1 = 1. Though in Fig. 1
we have shown the results only at the resonant spectral
positions, this criterion is generally applicable. For ex-
ample, Rayleigh scattering occurs at the regime where
a1 , 0 and the scattering is far from the resonant po-
sition (|a1| � 1). As a result, Rayleigh scattering with
linear polarized plane wave has a typical linear polar-
ization pattern of an ED.

For the marked points shown in Fig. 2(a) [including
both resonant (λ = 1107 nm, 859 nm, 795 nm) and
non-resonant (λ = 1024 nm) spectral positions], nei-
ther of the above aforementioned two conditions is sat-
isfied. This can be simply confirmed through direct cal-
culations for ratios of the non-vanishing Mie scattering
coefficients. The corresponding scattering patterns at
those points render an alternative confirmation: there
are no directions along which the scattering is zero [see
Figs. 2(c)-(f)]. This is because, as we have argued above,
if the scattering is everywhere on the momentum sphere
linearly polarized, there must be directions of zero scat-
tering (V points). As a result, the singularities must be
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C points along which the scattering is circularly polar-
ized. Those line singularities are marked by crosses of
Hopf index +1/2 or stars of Hopf index −1/2 on the S3
distribution graphs shown in Figs. 2(c)-(f). At each po-
sition, only half of singularities are visible and the other
half can be inferred from the symmetry of the scatter-
ing with respect to the x-z plane. We emphasize that
the pseudo-scalar nature of chirality [22, 30] means that
each C point marked in Figs. 2(c)-(f) has another un-
shown (on the other side of the sphere) imaging singu-
larity partner with opposite handedness (S3 = ±1) while
the same Hopf index (mirror symmetry does not change
the Hopf index of the singularity). The common feature
of the three dipolar (both resonant and non-resonant)
scattering cases [shown in Figs. 2(c)-(e), where there are
no quadrupolar or higher-order multipolar contribu-
tions] is that, there are four C points across the momen-
tum sphere and each has a Hopf index of +1/2 with the
sum being 2. For the last case with dominant MQ scat-
tering (λ = 795 nm), on the momentum sphere there are
altogether twelve isolated singularities (only six are vis-
ible): four of Hopf index −1/2 (two of them are marked
by stars) and eight of Hopf index +1/2 (four of them are
marked by crosses), with the index sum being 2.

It is worth mentioning that, for both vectorial and line
singularities, each index corresponds to infinitely many
possible field patterns that are geometrically distinct
while topologically equivalent at the neighbourhood of
the singularities [28, 29, 31]. In Fig. 2(b) we show only
three typical line field patterns close to the intrinsic sin-
gularities of Hopf index of ±1/2, that is, Lemon and
Monstar singularities of Hopf index +1/2 and Star sin-
gularity of Hopf index −1/2. The Lemon and Monstar
singularities have the same Hopf index and thus topo-
logically equivalent, meaning that they are smoothly in-
terconvertible [31, 32]. We further note that investiga-
tions into the scattering properties of dielectric parti-
cles from the perspective of line field and line singu-
larities have been conducted before [33], which never-
theless concentrate on the local properties, without re-
vealing the global feature of unavoidable existences of
singularities (isolated directions of zero or circularly po-
larized scattering) and the invariance of the index sum.
This is understandable, since previous studies were not
performed within the general global framework of the
Poincaré-Hopf theorem.

IV. ARBITRARILY POLARIZED SCATTERING BY
PARTICLE CLUSTERS

As mentioned already, our analysis based on
Poincaré-Hopf theorem has nothing to do with the
shape of the scattering bodies (being them ideally spher-
ical or not), or how those scattering bodies are clustered
and interact with one another. As a next step, we turn
to the geometrically less symmetric while widely cele-
brated structure of split ring resonators (SRRs) for fur-
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FIG. 3. Linear polarized plane waves scattered by an indiviu-
dal SRR in (a), or twisted SRR pairs in (d) and (g). All SRRs
are identical with the geometric parameters specified in (a).
The twisted pair consist of two z-coaxial SRRs with a 45◦ rel-
ative rotation and a 30 nm gap between them. The scatter-
ing spectra (normalized) are shown correspondingly in (b), (e)
and (h). For each scattering configuration, a resonant position
is marked (λ = 2.525 µm, 1.525 µm and 1.225 µm), at which
the scattering intensity patterns are included as insets. The S3
distributions are shown respectively in (c), (f) and (i), and for
all of them there are four C-point singularities of Hopf index
+1/2 (half of them are visible and marked by crosses), with the
index sum being 2.

ther illustrations of the global Mie scattering. The SRRs
investigated in this work are identical, geometric and
optical parameters of which are the same as those in the
experimental study: geometric parameters are specified
in Fig. 3(a); they are made of gold, the permittivity of
which in our investigated spectral regime is given by
Drude model ε(ω) = 1−ω2

p/ω(ω+iωc), whereωp ≈ 1.37×
1016 Hz is the plasma frequency and ωc ≈ 4.08×1013 Hz
is the collision frequency [34]. We firstly study the
widely employed configurations with linearly polarized
incident plane waves shown in Figs. 3(a), (d) and (g), in-
cluding both an individual SRR and a twisted SRR pair
[two z-axis-coaxial SRRs with a 45◦ relative rotation and
a 30 nm gap, as shown in Figs. 3(d) and (g)]. The spectral
regime examined is where there is significant optically-
induced magnetic response that is foundational for the
field of metamaterials, with the corresponding scatter-
ing spectra of each configuration shown correspond-
ingly in Figs. 3(b), (e) and (h). For each case we have
marked a resonant position (λ = 2.525 µm, 1.525 µm
and 1.225 µm, respectively), at which the S3 parameter
distributions across the momentum sphere are shown
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FIG. 4. The scattering of left and right handed circularly poal-
rized planes waves, and a Gaussian beam by the SRR pairs
that are the same (see insets) as those studied already in Fig. 3,
with the spectra shown respectively in (a), (c) and (e). A reso-
nant position is marked for each case (λ = 2.85 µm, 1.525 µm
and 1.025 µm), at which the S3 distributions are shown respec-
tively in (b), (d) and (f). For all scenarios there are four C-point
singularities of Hopf index +1/2 (half of them are visible and
marked by crosses), with the index sum being 2.

respectively in Figs. 3(c), (f) and (i). Similar to those
shown in Fig. 2, none scenario manifests V-point sin-
gularities along which there are no radiations [see scat-
tering intensity patterns included as insets of Figs. 3(b),
(e) and (h)]. This is natural, as we have already argued
above, V-point singularities are accidental and would
easily break up into intrinsic C-point singularities for
general elliptically polarized scatterings. For each case,
four intrinsic C-point singularities of Hopf index +1/2
(half of them are visible and pinpointed by crosses) are
always present [see Figs. 3(c), (f) and (i)], with the index
sum being always 2, as dictated by the Poincaré-Hopf
theorem.

Though we have so far confined our discussions to the
incidence of linearly polarized plane waves, our conclu-
sion concerning the global topological properties are in-
dependent on not only scattering bodies, but also the
incident waves. Now we consider the same configu-
ration of twisted SRR pair [as is shown in Fig. 3(d)]
that is widely employed to study artificial optical activ-
ity [35, 36], but switch the incident waves to circular
polarizations. The scattering spectra shown in Figs. 4(a)
and (c) for incident waves of different handedness (left
and right handed, respectively) are distinct due to the

chirality of the SRR pair. For each case we have marked
a resonant position (λ = 2.85 µm and 1.525 µm) at
which the S3 parameter distributions across the momen-
tum are shown accordingly in Figs. 4(b) and (d). As is
clearly demonstrated, despite the opposite handedness,
for both cases there are four intrinsic C-point singular-
ities of Hopf index +1/2 (half of them are visible and
marked by crosses). We further investigate the scatter-
ing by such a SRR pair of a x-polarized Gaussian beam,
which propagates along z axis with the beam waist ra-
dius 1.5 µm and the beam center coinciding with the
geometric center of the SRR pair. Its scattering spec-
tra are shown in Fig. 4(e) with the presence of also an
electric quadrupole (EQ). At the marked resonant po-
sition (λ = 1.025 µm), the corresponding S3 parame-
ter distribution in Fig. 4(f) clearly manifests C-point
singularities (two of four singularities are visible and
marked; all with Hopf index +1/2), indicating that the
global topological properties are preserved regardless
of the spatial shape of the incident wave. We empha-
size that here in Figs. 3 and 4 we have investigated only
the long wavelength regime when there are only domi-
nant lower-order multipolar (up to quadrupole) scatter-
ing. As for the larger frequency regions with the emer-
gence of higher order multipoles, more singularities will
be observed across the momentum sphere [harder to be
directly visualized though; see for example Fig. 2(f)].
The index sum of all singularities are bounded to be 2,
no matter how many multipoles are involved and how
high the orders of the involved multipoles can be. This
principle holds valid at any spectral positions including
non-resonant ones [see for example Fig. 2(d)], although
in Figs. 3 and 4 we have shown only the results at the
resonant points where the scattering is stronger and eas-
ier to be measured.

V. CONCLUSIONS AND OUTLOOK

Our work here has addressed a fundamental prob-
lem: For light scattering by arbitrary obstacles, is it pos-
sible to define globally invariant properties to charac-
terize any scattering that is dependent on neither the
scattering bodies nor the incident waves? Through a
cornerstone theorem of global differential geometry, the
Poincaré-Hopf theorem, we show that for arbitrary fi-
nite obstacle scatterings in a homogenous background,
there must be isolated singular directions where the
scattering is either zero or circularly polarized. For both
sorts of singularities, we can assign half-integer Hopf
indices and the index sum of all singularities has to
be 2, which is the Euler characteristic of the momen-
tum sphere. Since the Poincaré-Hopf theorem requires
only the continuity of the tangent fields (that is trans-
verse electromagnetic fields scattered to the far field for
our specific problem), it cares nothing about how the
fields are generated and thus the global properties we
have revealed are generically independent of the spe-
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cific scattering configurations. Here for the first time
we have merged Mie scattering with global topological
concepts, which can potentially nourish new perspec-
tives for both conventional Mie scattering related prob-
lems, such as optical resonators, metasurfaces, vectorial
vortex beams and so on, but also the recently rapidly ex-
panding field of topological photonics. Since scattering
is a fundamental phenomena for different branches of
physics, which pervades not only electromagnetic waves
but also waves of other natures, we believe our work
also shed new light on subjects such as acoustics, seis-
mic studies and other subdisciplines involving matter
waves.

At the same time, we would like to point out the
limitations of our work: (i) Here we have confined our
discussions to far-field scatterings, where the fields are
transverse (tangent) and thus the Poincaré-Hopf theo-
rem is directly applicable. In the near field however,
the electromagnetic fields are not transverse anymore
and the employment of the Poincaré-Hopf theorem re-
quires that all radial terms of the fields are dropped, and
then the conclusions we have drawn are still valid for ar-
bitrary near-field scattered or radiated electromagnetic
waves; (ii) Neither static vector fields nor line fields can
be directly defined for partially polarized and/or inco-
herent light, and then the global principle we have dis-
covered here is not directly applicable; (iii) Singulari-
ties in terms of either electric or magnetic fields (as we
have done here) are not invariant under Lorentz trans-
formations, and thus for more general scenarios (such as
scattering within a moving background; or the scatter-
ing body and the observer are in relative motion) the
introductions of Riemann-Silberstein fields are neces-
sary [37, 38]. At the current stage, it is not clear whether
or not it is possible to define invariant parameters to
characterize scattering of those more general scenarios,
which deserves further investigations from such a global
perspective.
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APPENDIX: METHODS

For spherical particles (both homogeneous and core-
shell ones), the scattering spectra (both total scattering
and partial scattering from different multipolar compo-
nents), angular radiation patterns and Stokes parame-
ter (S3) distributions can be analytically calculated from
standard Mie theory [1]. With the scattered field distri-
butions obtained close to the singularities, the indices
(both Poincaré and Hopf ones) can be directly calculated
through the approaches described in Ref. [39].

For non-spherical structures studied in this work, we
employ a commercial software package COMSOL MUL-
TIPHYSICS (https://www.comsol.com) to extract the
scattered fields. With the extracted information we can
directly calculate the total scattering spectra, angular
radiation patterns and Stokes parameter distributions.
For partial scattering spectra of different multipolar
components, we conduct the spherical harmonic expan-
sions of the extracted scattered fields to obtain all the ex-
pansion coefficients: anm for electric multipoles and bnm
for magnetic multipoles [40]. With those coefficients,
the total scattering can be accurately separated and at-
tributed to different multipoles [41]: the scattering con-
tributed by electric multipoles of order n is proportional
to

∑m=n
m=−n(2n+ 1)|anm|2 and that contributed by mag-

netic multipoles is proportional to
∑m=n
m=−n(2n+ 1)|bnm|2.

For example, the scatting of ED and MD is propor-
tional to

∑m=1
m=−1 3|a1m|2 and

∑m=1
m=−1 3|b1m|2, respectively;

while the scattering of EQ and MQ is proportional to∑m=2
m=−2 5|a2m|2 and

∑m=2
m=−2 5|b2m|2, respectively. We note

that for the scenario of an incident Gaussian beam, we
have subtracted the incident wave from the total ex-
tracted fields in COMSOL to calculate all the scattering
parameters.

[1] C. F. Bohren and D. R. Huffman, Absorption and Scattering
of Light by Small Particles (Wiley, 1983).

[2] A. Doicu, T. Wriedt, and Y. A. Eremin, Light Scattering
by Systems of Particles: Null-Field Method with Discrete
Sources: Theory and Programs, vol. 124 (Springer, 2006).
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